Abstract. We extend a lemma by Matsuda about the irreducibility of the binomial X π − 1 in the semigroup ring F [X; G], where F is a field, G is an abelian torsion-free group and π is an element of G of height (0, 0, 0, . . . ).
Introduction and preliminaries
The goal of this paper is to extend a lemma by R. Matsuda about the irreducibility of the binomial X π − 1 in the semigroup ring F [X; G], where F is a field, G is an abelian torsion-free group and π is an element of G of height (0, 0, 0, . . . ). In our extension we will introduce the notion of height (0, 0, 0, . . . ) for the elements of torsion-free monoids and prove the irreducibility of the binomial X π − 1 in the semigroup ring F [X; M ], where M is any submonoid of (Q + , +) and π is an element of M of height (0, 0, 0, . . . ). The field F has to be of characteristic 0, as there are counterexamples for fields of positive characteristic. We need this extension for our research on semigroup rings F [X; M ] for submonoids M of (Q + , +) (see [7, IRREDUCIBILITY OF CERTAIN BINOMIALS
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Let Γ be a monoid. The elements of the semigroup ring F [X; Γ], where F is a field and X is a variable, are the polynomial expressions, also called polynomials, f (X) = a 1 X α1 + · · · + a n X αn ,
where a 1 , . . . , a n ∈ F , α 1 , . . . , α n ∈ Γ. The polynomials f (X) = a, a ∈ F , are called the constant polynomials.
If a monoid M is a submonoid of (Q + , +), we assume, if we do not specifically mention otherwise, that in (1) α 1 > · · · > α n . We say that a 1 X α1 is the leading term of f , X α1 is the leading monomial of f and α 1 is the degree of f . The degree of constant polynomials is 0, except for f (X) = 0, whose degree is −∞.
is an integral domain, the nonzero constants are its only invertible elements. A nonzero nonunit element f ∈ F [X; M ] is called an irreducible element or an atom if it cannot be written as f = gh, where both g, h are nonzero nonunits. A nonzero A monoid Γ is called a cancellative monoid if it satisfies the following cancellation property: for any α, β, γ ∈ Γ, α + γ = β + γ implies α = β. A monoid Γ is said to be torsion-free if for any integer n ≥ 1 and any α, β ∈ Γ, nα = nβ implies α = β.
If Γ is torsion-free, then it satisfies the following weaker property: for any integer n ≥ 1 and any α ∈ Γ, nα = 0 implies α = 0. If Γ is a group, then Γ is torsion-free if and only if it satisfies this weaker property.
Let Γ, Γ be two monoids. A map µ : Γ → Γ is called a monoid homomorphism from Γ to Γ if µ(x+y) = µ(x)+µ(y) for every x, y ∈ M and µ(0) = 0. If, in addition, µ is bijective, it is called a monoid isomorphism between Γ and Γ . (The inverse bijection µ −1 : Γ → Γ preserves the operation.) To every monoid homomorphism µ : Γ → Γ we can naturally associate a ring homomorphism φ :
φ is an isomorphism if and only if µ is an isomorphism.
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Let F be a field and k ∈ N. Consider the variables X 1 , X 2 , . . . , X k over F . The elementary symmetric polynomials in these variables are the elements of the ring
. . , X k ] defined in the following way:
and σ e = 0 for e > k. The power sums in the variables X 1 , X 2 , . . . , X k are the elements of the ring F [X 1 , . . . , X k ] defined in the following way: 
be the expansions of the nonnegative integers M and N in base p (so that
where we assume that
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For a given natural number n with the prime-power factorization n = p . It describes all the numbers t such that there are t n-th roots of unity in C whose sum is 0.
The set of all numbers t such that there are t n-th roots of unity in C whose sum is 0 is equal to Proof. Easy.
Elements of height
Matsuda's lemma and Matsuda monoids
Note that an element π of a monoid M is not of height (0, 0, 0, . . . ) if and only if π = nα for some α ∈ M and some integer n ≥ 2. In that case the binomial X π − 1 has the following factorization in F [X; M ]:
It is natural to ask if these are the only possible factorizations in F [X; M ] of the binomials X π − 1. In other words, if for every integer n ≥ 2 the equation nα = π has no solutions for α in M , is X π − 1 necessarily irreducible in F [X; M ]? The next theorem, which is Lemma 2.2 in the paper [9] by R. Matsuda, shows that it indeed is if M is a non-zero torsion-free group. (For the sake of completness we include Matsuda's proof. The proof uses another lemma from [9] , which in turn uses a statement about pure subgroups from [4] .) We will show in the next section (in our main theorem 4.1) that an analogous result holds if M is any submonoid of (Q + , +) and F is a field of characteristic 0. Proof. Suppose X π − 1 = gh, where g, h ∈ F [X; G]. Let H be the subgroup generated by π and the power exponents appearing in g and h. By [9, Lemma
. . , X n ] by the multiplicative system generated by Y, X 1 , . . . , X n .
Inspired by Matsuda's lemma, we introduce the following notion. Every group is a Matsuda monoid by Theorem 3.1. 
M is not a Matsuda monoid of type 3 since in F 3 [X; M ] we have
One wonders if M is a Matsuda monoid of any finite type. However, it follows from the main theorem of this paper that M is a Matsuda monoid of type 0.
Submonoids of (Q + , +) are Matsuda monoids of type 0
Here is our main theorem.
Theorem 4.1. Every submonoid of (Q + , +) is a Matsuda monoid of type 0.
Proof. We will first prove the statement for the submonoids of (N 0 , +).
By Example 3.3 (2) , N 0 is a Matsuda monoid. Let us assume that M is a submonoid of (N 0 , +) such that 1 / ∈ M . Let n = p )h(X), where g and h are two monic polynomials of degrees k ≥ 1 and l ≥ 1, respectively. We will assume that k ≥ l. Since X n − 1 can be factored in F [X] as a product of n monic linear polynomials X − ζ, where ζ is an n-th root of unity (in A), we have for i = 1, 2, . . . , k. Let us also write g(x) as
where g 0 , . . . , g k−1 ∈ F . Proof of Claim 1. Since e / ∈ M , the coefficient g e by X e in g(X) is equal to 0,
where the sum goes over all (k − e)-element subsets {i 1 , . . . , i k−e } of {1, 2, . . . , k}.
Hence
where the sum goes over all e-element subsets {j 1 , . . . , j e } of {1, 2, . . . , k}. Thus
We prove the second relation by induction on e. For e = 1 we have
Suppose that
for all elements f ∈ N 0 such that f < e and f / ∈ M . We have the Newton relation (see Theorem 1.1)
where each of σ i , π i is a function of β 1 , . . . , β k . Since e / ∈ M , σ e = 0 by the first relation. Also, in each of the sets {1, e − 1}, {2, e − 2}, . . . , { e 2 , e + 1 2 } at least one of the elements is not in M , otherwise their sum, which is e, would be in M .
If in any of these sets {j, e − j} say j / ∈ M , then σ j = 0 by the first relation of this claim and π j = 0 by the inductive hypothesis. Hence σ j π e−j = 0 and σ e−j π j = 0.
Hence all the addends on the left hand side of (2) are 0 and so π e (β 1 , . . . , β k ) = 0.
Claim 1 is proved.
Claim 2. Let d < n be a divisor of n. Let e be an element of N 0 such that ed ≤ k and ed / ∈ M . Then
Proof of Claim 2. We have
by Claim 1 as ed / ∈ M . We prove the second relation by induction on e. For e = 1 we have
by Claim 1 as d / ∈ M . Let e be an element of N 0 such that ed ≤ k and ed / ∈ M .
for all elements f ∈ N 0 such that f < e and f d / ∈ M . We have the Newton relation
where each of σ i , π i is a function of β 
where t is some number, k t , k t−1 , . . . , k s , k s−1 are from {0, 1, . . . , p−1} and k s−1 = 0. However, by Lucas' Theorem,
Since this holds for any s ≤ ν j , we have
This holds for all j = 1, 2, . . . , r, hence
which is in contradiction with our starting hypothesis that X n − 1 can be factored into two nonconstant polynomials, one of which is of degree k. Hence 
, with both polynomials φ d (g), φ d (h) nonconstant. We already proved that this is not possible for submonoids of (N 0 , +), so we got a contradiction.
The theorem is proved.
5. An application: a submonoid M of (Q + , +) without essential generators, such that F [X; M ] is not AP
We introduced in [7] the following notion of an essential generator of a monoid. for some class of fields, for example, the fields of characteristics 0). The only case which remains to be considered is when M has no essential generators (then it has to be infinitely generated), the other cases are resolved in [7] .
This question is in the spirit of the following "generic question" (Q E ), raised by R. Gilmer in [6] : if R is a ring, Γ a monoid and E some ring-theoretic property, under what conditions does the semigroup ring R[X; Γ] have the property E? He mentioned that "in most cases, the answer to (Q E ) isn't known unless some restrictions are placed on R and/or Γ." He also mentioned that "in general, polynomial rings over R serve as fair models of what may be expected in answer to generic questions (Q E ) in the case where Γ is torsion-free and cancellative."
